We reconsider the N -particle problem with elliptic function potential in the presence of an external field recently studied by Gómez-Ullate et al. and show that more algebraic solutions can be constructed than was previously noticed.
I. INTRODUCTION
The Calogero-Sutherland (CS) model [1, 2] describes a system of N particles in one dimension interacting pairwise in terms of an inverse-square potential (in the case of the Calogero model) and in terms of an inverse sine-square potential (in the case of the Sutherland model), repectively. The interesting thing about these models is that they constitute quantum many-body problems which are not only integrable but also solvable [3, 4] . While these models have been studied extensively in this context [5] , it became apparant in recent years, that they can be applied to a large number of fields. These range from condensed matter (quantum Hall liquids, quantum spin chains, ..) [6] to gauge theories [7] , soliton theory [8] as well as recently to questions related to black holes and (A)dS space [9, 10] . It was shown in [10] , e.g., that the asymptotic dynamics of 2-dimensional gravity in AdS and dS, respectively, can be described by a generalised N = 2 CS model.
When the interaction is given by an elliptic, namely, a Weierstrass potential P, the classical system is still integrable [11, 12] . However, to find explicit solutions seems to be far more involved. A step forward in this topic was recently done by Gómez-Ullate et al. [13] . They constructed algebraically a finite number of eigenvalues and eigenfunctions for an elliptic CS model in an external field which -like the interaction potential-is given by a Weierstrass potential P.
The purpose of this short note is to reveal that the Hamiltonian introduced in [13] possesses even richer algebraic properties than the ones observed so far. In fact, in a way very similar to the one for the Lamé equation [14] algebraisations of the eigenvalue equation H N ψ = Eψ, which differ from the ones in [13] , are available.
II. AN ELLIPTIC CALOGERO-SUTHERLAND MODEL
The N-body quantum Hamiltonian proposed recently by Gómez-Ullate et al. [13] is given by :
with
where P(z) ≡ P(z|g 2 , g 3 ) denotes the Weierstrass function with invariants g 2 , g 3 . The constants a, b ǫ R + , m ǫ N and the term proportional to c m can be interpreted as the potential of an external field.
The Hamiltonian (1) was shown to be quasi-exactly solvable (QES) [15] and a finite number of eigenvalues and eigenfunctions were computed by an algebraic method. Using the gauge factor
and introducing the new variables
leads to a gauge HamiltonianH N (z) = µ −1 (z)H N (x)µ(z). For the choice [13] 
H N (z) preserves the finite dimensional polynomial space [16] M m = span{τ
with the k-th elementary symmetric function
A lenghtly calculation leads tō
where p k and p
are polynomials of z k :
and the new potential is given by :
The HamiltonianH N (z) can be written as a quadratic polynomial of the differential operators which span the Lie algebra sl(N + 1) :
and the part ofH N which increases the degree of elements of M n reads
Obviously, the term (N −m) annihilates all the monomials in M m which have overall degree
III. ADDITIONAL GAUGE FACTORS
Using the properties of the Weierstrass function P(z) and the fact that
we factorize additional gauge factors of the form
such thatH
The choice ν 1 = ν 2 = ν 3 = 0 obviously corresponds to [13] . We find that for each value
the HamiltonianH N (likeH N ) is algebraic. Denoting the number of non-zero exponents ν i , i = 1, 2, 3 in (14) by n f with n f = 0 or 1 or 2 or 3, we find that the "degree increasing" part ofH N takes the form
(Note that the cases n f = 1 and n f = 2 correspond to three different algebraisation of the problem related to the different choices of factors in (14)). If we allow m to be a non-integer and require instead thatm with
we conclude that nowH
For b = 0, which will be studied in greater detail in the following sections, we can distinguish the cases where a) both m andm are integers and b) onlym is an integer. For a) we have a quadruple algebraisation of the HamiltonianH N :
and (20b) leads to three different algebraisations. Similarly, in case b) we havẽ
for n f = 1 (21a)
should be an integer and, again n f = 1 leads to three different algebraisations ofH N . In order to understand the pattern of the algebraic solutions obtained for the model (1), (2) , it is useful to study the limit a = b = 0. Using the relation
it is easy to see that for a = b = 0 the operator (1) takes the form
with u j ≡ √ e 1 − e 3 x j . The operator inside the brackets {} of (23) constitutes N decoupled copies of the Lamé operator L(u)
which, if m is an integer or a half integer, admits (4m + 1) algebraic eigenvalues. If m is an integer, (m + 1) eigenvectors of L(u) are of the form p m (sn 2 ) and (3m) eigenvectors are of the form cn
where sn, cn, dn are abbreviations for the Jacobi elliptic functions sn(u, k), cn(u, k), dn(u, k) and p n denotes a polynomial of degree n in its argument. If m is a half integer, 3(m + 1/2) eigenvectors of L(u) are of the form sn · cn · p m+1/2 (sn 2 ), sn · dn · p m+1/2 (sn 2 ), cn · dn · p m+1/2 (sn 2 ) and (m − 1/2) eigenvectors are of the form sn · cn · dn · p m−1/2 (sn 2 ). Therefore, a total number of (4m + 1) N algebraic eigenvectors of the Hamiltonian (23) (and thus also of (1) in the limit a = b = 0) can be constructed. However, not all of them are completely symmetric under the permutations of the coordinates x j . Since the procedure of algebraisation is crucially related to the symmetrized variables τ k (see (7)), only the completely symmetric solutions can be hoped to be recovered in the generic case, i.e. for a = 0 and/or b = 0.
Studying solutions of the operator (23) and the structure of the eigenfunctions of the Lamé operator, it is not difficult to see that the number of completely symmetric solutions is given by :
respectively. (C p q denotes the usual combinatoric symbol.) For b = 0, the number of algebraic solutions available with our method nicely fits with these numbers and we checked for several particular cases that indeed the relevant Lamé solutions in the limit a → 0 are reproduced. Note that in [13] only C 
with the usual relations between g 2 , g 3 and e i , i = 1, 2, 3 :
We thus obtain fifteen algebraic solutions, i.e. an additional nine to the ones obtained in [13] . In FIGs. 1a and 1b we show the energy eigenvalues as functions of ǫ for
and a = 0 and a = 5.0, respectively. FIG. 1a corresponds to two superposed Lamé operators and the value ǫ = 0 further corresponds to the completely integrable case of two free oscillator for which the eigenvalues are of the form 3(j
2 ) − 40 with j 1 , j 2 integers. With our algebraisations, we obtain the full spectrum of eigenvalues for the completely symmetric case, i.e. for j 1 + j 2 = 2n, n = 0, 1, 2, ... . This is shown in FIG. 1a . In FIG. 1b the effect of an interaction potential with a = 5.0 on the energy eigenvalues is demonstrated.
The case for which two of the numbers e 1 , e 2 , e 3 are equal is in itself special, since the fifteen eigenvalues can be expressed as linear functions of a and the system is higly degenerated, irrespectively of a. E.g. for e 1 = 2, e 2 = e 3 = −1 we find three non-degenerated eigenvalues of the 6 × 6 matrix :
three degenerated eigenvalues of the 6 × 6 matrix, which are also eigenvalues of the 3 × 3 matrix h 1 :
and three doubly degenerated eigenvalues of the 3 × 3 matrices h 2 and h 3 :
This is clearly shown in FIG.s 1a and 1b , where at ǫ = 0, three of the dotted curves, which correspond to three of the eigenvalues of the 6 × 6 matrix, and the three dashed curves, which correspond to the three eigenvalues of h 1 , cross both for a = 0 and a = 5.0, respectively. Similarly, the three solid lines and the three dotted-dashed lines, which correspond to the three eigenvalues of the matrices h 2 and h 3 , respectively, cross at ǫ = 0. How these degeneracies disappear for a generic choice of e i , i = 1, 2, 3 is also shown in these FIG.s. Finally, in FIG. 2 we demonstrate the dependence of the eigenvalues on the parameter a for the special choice e 1 = 2, e 2 = −3/2, e 3 = −1/2.
The construction of integrable models of Calogero-Sutherland (CS) type has recently received a lot of attention in relation to different applications in newly discovered domains of theoretical physics.
Among the possible extensions of the basic N-body integrable models, the construction of quasi-exactly solvable (QES) N-body Hamiltonians seems worth considering.
In this paper, we reconsidered an N-body QES model proposed recently in [13] . It depends on four parameters : two coupling constant a, b and the two periods of the Weierstrass function P, parametrized by g 2 , g 3 . More popular models are recovered for special limits of these constants: the Lamé equations if a, b vanish identically and a system of free oscillators if in addition g . By investigation of the available spectrum in these limits, it appears that the solutions constructed in [13] do not constitute the full set of completely symmetric algebraic eigenfunctions. In this note we have found -following closely the construction of the Lamé polynomials -additional algebraisations of the initial operator H N . The set of algebraic eigenfunctions obtained in this way coincides exactly with the number of possible algebraic functions. The various eigenvalues develop in a convincing way as functions of the different parameters. We suspect that an extension of this model to 2 × 2 matrix valued operators [17] might be possible, but leave this construction as a future project [18] . 
